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Abstract 

The proposed rotor model is based on the finite elements of a Timoshenko beam, whose support 

is rigid and fixed. It takes into account the geometric asymmetry of the discs and/or the shaft, 

while neglecting the shear effect. 

The equations of motion obtained include time-varying parametric terms that can lead to lateral 

dynamic instability. The influence of the combined rotational and translational movements of the 

support is analyzed by the Campbell diagram and the rotor stability map. Critical speeds 

according to modes have been identified. 
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Introduction: 

The shaft of a rotor with properties of inertia and mass distributed along its length can be 

considered as a continuous elastic body, especially for high speeds. However, the vibration 

problems linked to the main elements such as the shafts and the rotors are phenomena which are 

still of concern despite the progress made in the design. These problems are due, for example, to 

the inevitable defects in machining and assembly that cause various types of vibrations in this 

mechanical system which limit the performance of the machines by affecting their functionality 

and their profitability and endangering the safety of operation. 

For this, various types of vibrations appear in this mechanical system, limit its performance and 

endanger the safety of operation. The dynamic analysis of continuous bodies in rotation is 

therefore essential. An understanding of the vibratory behavior and sufficient knowledge of the 

dynamics of the rotors are therefore essential to ensure the proper functioning of the mechanism. 

In this context, the literature includes many books studying a large number of phenomena related 

to the dynamics of rigid/flexible and symmetrical/asymmetrical rotor systems mounted on 

linear/nonlinear elastic bearings in the case of a fixed support [5], [4], [2,3], [7], [1]. In this 

situation, the first concern is to predict the critical rotation speeds of Resonance and after modify 

the design to change them to avoid them. 

The setting in equation is carried out by the Lagrangian; it is first necessary to write the kinetic 

and deformation energies of the components of the rotor; whose calculation requires some 

assumptions and simplifications detailed [4], [6] and [7]. 

These equations thus include numerous non-linearities. For the dynamic study of rotors. The 

hypothesis of small displacements is classically put forward, it is assumed that the speed of 
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rotation varies where it is an unknown function of time. The essential studies of the dynamics of 

the rotors concerning the plot of the Campbell diagram which represents the evolution of the 

natural frequencies according to the speed of rotation and the calculation of the responses to 

unbalance during the passage of the critical speed [6], [7], [8] and [9]. 

To carry out these studies, we now have many modeling tools, among them the finite element 

method detailed [6], [7], [8], [9], [10],[11] and [12] which takes into consideration the 

particularities presented by the dynamics of the rotors compared to the dynamics of the fixed 

structures. 

Material and results: 

The finite element method, as a numerical method, is known among the most important and 

effective methods for modeling and solving complex problems in engineering sciences, and in 

particular in rotor dynamics. Today it is one of the most widely used tools in numerical 

simulation of the behavior of structures under complex mechanical, thermal or coupled loads. 

Rotors are no exception to this application. 

In this study we will see the modeling of the rotors by this numerical method. After having 

discretized the rotors in finite elements while neglecting the effects of shearing, then the 

equations of motion of the rotor are developed using this method, by explaining the elementary 

matrices of the various elements of the rotor (shaft, disc, spindle and unbalance). 

o Global equation of motion: 

After having determined the elementary matrices of the various components of the rotor, the 

assembly step is necessary in order to obtain the global matrices of the differential equation of 

motion. The differential equations of motion of a rotor are given in matrix form by:  

 
 

(1) 

: Global mass matrix 

: Global damping matrix 

: Global stiffness matrix 

: Bearing force vector 

 

(2) 

: Excitation forces vector 
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 Expanded form of the equation with variable speed   : 

 
(3) 

with: 

 ;  

where: 

: global mass matrix which includes the elementary mass matrixes of the disc 

Md and of the shaft . 

global gyroscopic matrix including the elementary gyroscopic matrices of the 

disk and the shaft . 

: stiffness matrix of the shaft. 

: damping and stiffness matrices of the bearings. 

 : disc stiffness matrix 

: unbalance forces vector. 

 : rotation speed rd/s. 

 

 

o Global matrices (application to a brushless motor): 

Consider the studied rotor model which is schematized in Figure1 having four nodes and five 

elements: a disc element, two bearing elements and three shaft elements of the same length: 
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Figure1: Rotor model with elements and nodes. 

In the model shown above, the nodes of each element of the shaft, bearing or disc are related to 

the nodes of the rotor according to the following table1 below: 

Table1: 

Element 

number 

Element Type Rotor nodes Displacement vectors δ 

1 shaft 1-2 
 

2 shaft 2-3 
 

3 shaft 3-4 
 

4 disc 2 
 

5 bearing 1 
 

6 bearing 4 
 

 

 Shaft matrices 

The use of Lagrange's method gives: 

(4) 

The total matrices of mass, rigidity and Coriolis are obtained by superimposing the elementary 

matrices according to the table. Each type of global matrix is obtained by summing the three 

matrices of the three elements. 

 Classic global matrix of mass (
a

iM ) 

The matrix with terms is given by: 
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Where  ,  et l=L/3=0,0167 m2 

 Global matrix representing the rotational inertia side effect (
a

sM ) 

 
  

l1= l2=l3=L/3=0, 0167 m2 

 Global matrix representing the gyroscopic effect ( aC ) 
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 Stiffness matrix due to the gyroscopic effect (
a

sK ) 

 

 
 

 Strain Energy Total Stiffness Matrix 

 

With  Is=1,57.10-12 m4,et E=2.1011Pa 
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 Bearing matrix 

• at node 1:at node 4: 

 

Where   

 Unbalance matrix  

 
  

Where  
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 Global disc matrix (mass and gyroscopic) 

 

 

 

 

 

o Simulation of the dynamic behavior of the brushless motor rotor 

 
Figure1: brushless motor rotor system 

This model is simulated by software which is a set of scripts written in MATLAB to accompany 

the book (Dynamics of Rotating Machines) [13]. Its main purpose is to illustrate the 
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characteristics of the rotating machines described in the book, in particular the lateral movement 

based on in-line shaft models. It can be used to scan other machines and for research purposes. 

Once the dynamic model has been developed for the brushless motor, we start by identifying the 

critical frequencies of the rotor through the Campbell Diagram Figure 2. The flexible rotor has 

two critical speeds in the range of speeds studied, these speeds are given by: cr1 =3210 rpm and 

cr2 = 10297rpm. 

 

 

Figure2: Campbell diagram. 

The amplitudes and direction of the whirlings at the level of nodes 2 (disk carrier) and 3 free are 

observed in following figure 3. 

 

Figure 3:Amplitude and direction of whirlings at nodes 2 & 3. 

The frequencies and modes corresponding to the two critical speeds cr1 and cr2 are observed in 

following figures. 4 and 5, in order to avoid them so as not to cause the system to resonate. 
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Figure4:The frequencies and modes corresponding to the first critical speed cr1 

 

Figure5: The frequencies and modes corresponding to the second critical speed cr2 

Discussion 

Our efforts in this study focused on modeling the dynamic behavior of a flexible rotor, using the 

finite element method. The application of Lagrange's equations made it possible to determine the 

equations of motion for the finite element model. It gives a more complete discretization and 

description of the system to be studied thanks to a large number of degrees of freedom. It is used 

to predict the dynamic behavior of complex and industrial rotors. Finally, a simulation of the 

model made it possible to bring clarity to the critical speeds using the Campbell diagram, and the 

curves of frequencies and modes corresponding to these speeds which were considered as dark 

points. 

Conclusion 

In order to improve the performance and in particular the efficiency of industrial machines 

(brushless motor), the prediction of the dynamic behavior of the components of rotating 

machines must be carried out carefully. 
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All of the information obtained by the equations of motion and the various frequency and mode 

curves constitute factors that must be considered for correct operation of the motor; and improve 

the critical points finally to have a better performance. 
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