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Abstract 

A mathematical model has been proposed, which, under certain conditions, will enable the 

development of a toothed element with a working surface shape that satisfies the agrotechnical, 

technological, and economic parameters during soil cultivation. 

 

The working element is made as a block of teeth. The tooth recesses and protrusions in the 

horizontal plane are shaped according to alogarithmic spiral, with the protrusions forming a 

fourth-degree parabola. 

 

The toothed element equation is presented in the form of a combination of rotation, 

displacement, and compression matrices. 

 

The working surface is defined kinematically as the trajectory of points of the generating 

logarithmic spiral. 

 

Equations are derived describing the surface of the working element at the areas of tooth recesses 

and protrusions. 

 

Keywords: toothed element, soil, tooth recesses and protrusions, logarithmic spiral, fourth-

degree parabola, mathematical model, matrix-vector solution. 

 

Introduction 

The productivity of Ukraine’s chernozem, which serves as the nation’s primary economic asset, 

is directly influenced by the efficiency of cultivation techniques. The level of soil loosening 

depends on the geometry of the operating tool and the kinematics of its movement in the work 

process. Existing studies demonstrate that the tool’s geometric parameters and kinematic 
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characteristics determine the energy efficiency of soil processing, while also affecting the 

mechanical stresses exerted on the soil and the equipment. To meet the above requirements for 

soil treatment, research on the interaction of the operating tool with the soil was carried out. 

When doing so, the soil can be viewed as a medium with linear elastoviscous deformation. In the 

event of contact of linear-elastoviscous bodies, the issue of creating a mathematical model of the 

working body is reduced to solving problems by methods of elasticity theory based on the 

"correspondence principle" [1, 2]. 

 

The task of designing a toothed working element for tillage machines is reduced to selecting a 

mathematical model that satisfies all the criteria required for the working element in both 

technological and economic terms, considering the physical and mechanical properties of the soil 

[2, 3]. 

 

The working tool is made as a block of teeth (Fig. 1), which, in the horizontal plane, consist of 

recesses shaped according to a logarithmic spiral and protrusions profiled as a fourth-degree 

parabola. 

 

 
                             Figure 1 – General view of the toothed working element for tillage. 

 

In horizontally projecting planes, the section of a tooth represents a family of logarithmic spirals: 

 

      (1) 
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where  is the current radius vector; 

 is the initial radius vector; 

 is the coefficient of internal friction ; 

 is the current angle of the radius vector of the spiral. 

 

The equation of the surface of the toothed working element for soil cultivation can generally be 

represented using a matrix [5]: 
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is a third-order matrix describing rotation in three-dimensional space; 

 

are components of translational displacement. 

 

The working surface is defined kinematically as the trajectories of points on the generating 

logarithmic spiral (Fig. 2), located in plane 
32

XOX and under going rotational and translational 

motion. 
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         Figure 2 – Kinematic model of the surface of the working element. 

 

The rotation of the points 
i

M of the spiral around the axis 
3

OX at the angle α = 90-γ (where γ is 

the sweep angle of the tine of the working element) is described by the rotation matrix: 
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The coordinates of the current points 
i

M of the generating logarithmic spiral, determined from 

equation (1), where 045  and 00 50...45 will have the following values (Fig. 3): 
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                      Figure 3 – Type of the generating spiral. 

 

The coordinates of the current points of the generating spiral in Cartesian coordinates, 

depending on are written as: 

 

 
     (4) 

 
 

The translational displacement of points along the concave or convex section isdescribed by 

the displacement matrix: 

 

,

1000

100

010

001

3

2

1




























i

i

i

N

N

N

n
x

x

x

A     (5) 

 

where arethe components of the displacement vector. 

Thus, the overall displacement of the points of the generating logarithmic spiral is determined by 

scalar multiplication of the matrices: 
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   (6) 

 

 

Then, the equation of the surface of the toothed working element can be represented as: 

 

      (7) 

 

where  are the coordinates of the current point  on the generating spiral, determined by 

equations(4); 

 

 are the coordinates of surface points of the toothed working element, which depend on 

parameter on the generating logarithmic spiral, and the displacement vector determined by 

the position of the current point on the concave or convex section of the cutting edge. 

For the convex section, the coordinates of the current point of the displacement vector along 

the logarithmic spiral (Fig. 4) are determined by the equations: 

 

 

     (8) 

 
 

where =180° are initial angles; 
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are the coordinates of point ; 

 is tooth pitch. 
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                 Figure 4 – Recessspiral transformations. 

 

Due to the elongation of the logarithmic spiral of the concave profile along the  axis, a 

coefficient is introduced 

 

, 

 

 and the elongation transformation is represented by the matrix: 
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Considering equation (9), the coordinates of the points of the translational displacement vector 

can be determined as: 

 

 
      (10) 
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For the protrusion section, the coordinates of the current point (Fig. 5) of the translational 

displacement vector along the parabola  are determined as the product of the following 

transformations: 

 

a) compression along the  axiswith coefficient , described by the matrix: 
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b) elongation along the axis with coefficient , described by matrix (9); 

c) translational displacement along the vector  described by matrix (5). 

 

 
          Figure 5 – Coordinates of the current point of the parabola in the section of protrusions. 

 

Then, the overall transformation of the parabola is described by the matrix 

; 
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The coordinates of the current point on the parabola in matrix form are: 

,     (13) 

 

where arethe coordinates of the points of the original parabola ; 

are the coordinates of the transformed parabola points which are determined as: 

; 

;    (14) 

0
3
x . 

 

The equation of the surface of the toothed working element (7) in matrix form can be represented 

as: 
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where are the coordinates of the generating spiralpoints; 

  are the coordinates of the cutting-edge points. 

 

This equation describes the surface of the tooth along the concave (recess) and convex 

(protrusion) sections. 

In the final form, the coordinates of the tooth surface points can be expressed as follows: 

For the concave section: 
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For the protrusion section: 
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                            (17) 

 
 

Conclusion 

The obtained mathematical model (16), (17) fordescribing the surface of a toothed working tool 

allows, under various conditions, taking into account processing depth, agro technical 

requirements for soil crumbling quality, physical and mechanical soil properties, cutting-edge 

geometry, and the number of teeth, to generate a family of toothed soil-engaging elements that 

are operational under specific conditions. The surface shapes of the working tools depend on the 

values of the functional parameters . 
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